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$� n− � $�S\UDPLG�ZKRVH�EDVH�KDV� �HGJHV�DOVR�KDV� �HGJHV�ULVLQJ�WR�LWV�DSH[�DQG�KHQFH�
HGJHV�LQ�WRWDO��,W�DOVR�KDV� �IDFHV��LQFOXGLQJ�WKH�EDVH��6R�WKH�GLIIHUHQFH�EHWZHHQ�WKH
QXPEHU�RI�HGJHV�RI�WKH�S\UDPLG�DQG�WKH�QXPEHU�RI�LWV�IDFHV�LV� �

n n �n
n + �

�n − (n + �) = n − �

$� �� $�UKRPEXV�IRUPHG�IURP�D�SDLU�RI�DGMDFHQW�WULDQJOHV�LV�LQ�RQH�RI�WKUHH�RULHQWDWLRQV�

RU RU �

,W�FDQ�EH�VHHQ�WKDW�WKHUH�DUH���UKRPEL�LQ�WKH�ILUVW
RULHQWDWLRQ���%\�V\PPHWU\��WKHUH�DUH���LQ�HDFK�RI�WKH
RWKHU�WZR��JLYLQJ�D�WRWDO�RI����

>Alternatively��HDFK�UKRPEXV�LV�GHWHUPLQHG�E\�LWV�VKRUW�GLDJRQDO��WKH�VKRUW�GLDJRQDOV
DUH�WKH�VLGHV�RI�WKH�LQWHULRU�WULDQJOHV��VR�WKHUH�DUH� �@� × � = ��

$� � /HW�WKH�QXPEHU�RI�SDJHV�LQ�WKH�ERRNOHW�EH� �n
7KHQ�WKH�SDJH�QXPEHUV�RQ�WKH�RXWVLGH�VKHHW�DUH������� �DQG� �DQG�KDYH�D�WRWDO�RIn − � n

� + � + (n − �) + n = �n + �.
,Q�JHQHUDO��RQ�D�VKHHW�ZKRVH�ORZHVW�QXPEHUHG�SDJH�LV�SDJH� ��WKH�QH[W�SDJH�LV� �p p + �
%HFDXVH�SDJH� �KDV� �SDJHV�EHIRUH�LW��WKH
KLJKHVW�QXPEHUHG�SDJH��RQ�WKH�VDPH�VLGH�DV�SDJH� �
KDV �SDJHV�DIWHU�LW��DQG�VR�LV�SDJH� �

p (p − �)
p

(p − �) n − (p − �)
7KH�UHPDLQLQJ�SDJH�LV�OLNHZLVH�SDJH� �n − (p − �) − �

7KH�WRWDO�RI�WKH�IRXU�SDJH�QXPEHUV�RI�D�VKHHW�LV
WKHUHIRUH

p + (p + �) + [n − (p − �)] + [n − (p − �) − �] = �n + �. pn − (p − �)

n − (p − �) − � +

+HQFH �DQG�VR� ���6LQFH�HDFK�SLHFH�RI�SDSHU�XVHG�SURYLGHV�IRXU
SDJHV�RI�WKH�ERRNOHW��WKH�QXPEHU�RI�VKHHWV�XVHG�LV�VHYHQ�

� + �n = �� n = ��



$� � 6LQFH�ZH�DUH�LQWHUHVWHG�RQO\�LQ�ZKHWKHU�RU�QRW�HDFK�RI�WKH�URZV�FDQ�KDYH�D�WRWDO�ZKLFK
LV�D�PXOWLSOH�RI����ZH�FDQ�UHGXFH�HDFK�RI�WKH�QXPEHUV�WR�WKHLU�UHPDLQGHU�RQ�GLYLVLRQ�E\
WKUHH��6R�
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6LQFH�WKH�URZ�WRWDOV�DUH������DQG����LW�LV�QRZ�FOHDU�WKDW�PDNLQJ�RQH�VZDS�ZLOO�QRW
DFKLHYH�WKUHH�WRWDOV�HDFK�RI�ZKLFK�LV�D�PXOWLSOH�RI����+RZHYHU��LI�ZH�VZDS�ERWK�WKH��V
LQ�WKH�ILUVW�WZR�URZV�ZLWK�WKH��V�LQ�WKH�ODVW�URZ��ZH�JHW
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$� �� ,Q�RUGHU�WR�VWD\�FRQQHFWHG��D�QHWZRUN�OLNH�WKLV�ZLOO�KDYH�D�PLQLPXP�UHTXLUHG�QXPEHU
RI�VHFWLRQV�RI�URSH��VLQFH�LI�ZH�VWDUW�ZLWK�MXVW�RQH�NQRW��HDFK�DGGLWLRQDO�NQRW�UHTXLUHV�DW
OHDVW�RQH�DGGLWLRQDO�VHFWLRQ�RI�URSH���6R�WKH�VPDOOHVW�SRVVLEOH�QXPEHU�RI�VHFWLRQV�RI
URSH�WR�FRQQHFW� �NQRWV�LV� �n n − �

)RU�WKLV�QHW�WKHUH�DUH����NQRWV��DQG�ZH�ZLOO�QHHG�DW
OHDVW����VHFWLRQV�RI�URSH�OHIW�WR�NHHS�WKHP�DOO
FRQQHFWHG�DQG�WKH�GLDJUDP�RQ�WKH�ULJKW�VKRZV�RQH�ZD\
LQ�ZKLFK�ZH�FDQ�OHDYH�MXVW����VHFWLRQV�RI�URSH�

$

,W�FDQ�EH�VHHQ�WKDW�WKH�QHW�VWDUWV�ZLWK� �KRUL]RQWDO�VHFWLRQV�DQG� �YHUWLFDO
VHFWLRQV��JLYLQJ�D�WRWDO�RI� �

� × � � × �
�� + �� = ��

+HQFH�ZH�FDQ�PDNH�D�PD[LPXP�RI� �FXWV��� í �� = ��

$�� �π 7KH�RQO\�ZD\�IRU�;�DQG�<�WR�FROOLGH�LV�E\�<�FDWFKLQJ�XS�;�RU�E\�ERWK�EHLQJ�DW�WKH
FURVVLQJ�SRLQW�DW�WKH�VDPH�PRPHQW���6LQFH�WKH�VSHHG�RI�FDU�;�LV�KDOI�WKDW�RI�FDU�<��FDU
;�ZLOO�WUDYHO�KDOI�ZD\�DURXQG�WKH�FLUFXLW�LQ�WKH�WLPH�FDU�<�WDNHV�WR�FRPSOHWH�D�IXOO
FLUFXLW��DV�WKH�GLDJUDPV�EHORZ�LOOXVWUDWH��JRLQJ�IURP�OHIW��WKH�VWDUW��WR�ULJKW��WKH�ILUVW
FROOLVLRQ��

7KH�OHQJWK�RI�WKH�FLUFXPIHUHQFH�RI�WKH�ODUJHU�FLUFOH�LV� �XQLWV��DQG�WKDW�RI�WKH�VPDOOHU
FLUFOH�LV�KDOI�DV�ORQJ�� �XQLWV�

�π
�π

7KHUHIRUH�;�ZLOO�KDYH�WUDYHOOHG� �XQLWV��
� × �π + �

� × �π = �π



%� (YHU\�GLJLW�RI�D�JLYHQ�SRVLWLYH�LQWHJHU�LV�HLWKHU�D���RU�D���ZLWK�HDFK�RFFXUULQJ�DW�OHDVW�RQFH��
7KH�LQWHJHU�LV�GLYLVLEOH�E\�ERWK���DQG���

:KDW�LV�WKH�VPDOOHVW�VXFK�LQWHJHU"

Solution
/HW�WKH�LQWHJHU�EH� ���,W�LV�HYLGHQW�WKDW� �PXVW�KDYH�PRUH�WKDQ�WZR�GLJLWV��VLQFH�QRQH�RI������
���RU����DUH�GLYLVLEOH�E\�E\�ERWK���DQG���

n n

,Q�RUGHU�IRU� �WR�EH�GLYLVLEOH�E\����WKH�VXP�RI�LWV�GLJLWV�PXVW�EH�D�PXOWLSOH�RI���n
,Q�RUGHU�IRU� �WR�EH�GLYLVLEOH�E\����LWV�ODVW�WZR�GLJLWV�KDYH�WR�EH�D�PXOWLSOH�RI����*LYHQ�WKDW�DOO
WKH�GLJLWV�FDQ�EH�RQO\���RU����LW�LV�FOHDU�WKDW�WKH�ODVW�WZR�GLJLWV�RI� �FDQ�RQO\�EH����

n
n

,I�Q�ZHUH�D�WKUHH�GLJLW�QXPEHU��WKH�KXQGUHGV�GLJLW�ZRXOG�KDYH�WR�EH����VLQFH�WKH�RWKHU�GLJLWV
DUH�ERWK�����KRZHYHU������LV�QRW�D�PXOWLSOH�RI���

,I �ZHUH�D�IRXU�GLJLW�QXPEHU��WKH�VPDOOHVW�YDOXH�ZH�FDQ�FRQVLGHU�LV�������EXW�WKLV�LV�QRW�D
PXOWLSOH�RI����7KH�QH[W�VPDOOHVW�LV������DQG�WKLV�VDWLVILHV�DOO�WKH�FULWHULD�RI�WKH�SUREOHP�
n

%� $ �JULG�FRQWDLQV�QLQH�QXPEHUV��QRW�QHFHVVDULO\
LQWHJHUV��RQH�LQ�HDFK�FHOO���(DFK�QXPEHU�LV�GRXEOHG�WR
REWDLQ�WKH�QXPEHU�RQ�LWV�LPPHGLDWH�ULJKW�DQG�WUHEOHG
WR�REWDLQ�WKH�QXPEHU�LPPHGLDWHO\�EHORZ�LW�

� × �

,I�WKH�VXP�RI�WKH�QLQH�QXPEHUV�LV�����ZKDW�LV�WKH�YDOXH
RI�WKH�QXPEHU�LQ�WKH�FHQWUDO�FHOO"

Solution
,I�ZH�OHW�WKH�QXPEHU�LQ�WKH�WRS�OHIW�KDQG�FRUQHU�FHOO�EH
��ZH�FDQ�ZULWH�WKH�RWKHU�QXPEHUV�LQ�WHUPV�RI� ��DV
VKRZQ�LQ�WKH�GLDJUDP�
a a

7KH�VXP�RI�WKHVH�QLQH�QXPEHUV�LV� ���a

*LYHQ�WKDW�WKH�VXP�LV�����ZH�KDYH� �DQG�VR
�

��a = ��
a = �� ÷ �� = �

�
7KXV�WKH�QXPEHU�LQ�WKH�FHQWUDO�FHOO�LV� ��a = � × �

�
= �
�
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�a ��a ��a



%� :KHQ�'DG�JDYH�RXW�WKH�SRFNHW�PRQH\��$P\�UHFHLYHG�WZLFH�DV�PXFK�DV�KHU�ILUVW�EURWKHU�
WKUHH�WLPHV�DV�PXFK�DV�WKH�VHFRQG��IRXU�WLPHV�DV�PXFK�DV�WKH�WKLUG�DQG�ILYH�WLPHV�DV�PXFK�DV
WKH�ODVW�EURWKHU��3HWHU�FRPSODLQHG�WKDW�KH�KDG�UHFHLYHG���S�OHVV�WKDQ�7RP�

8VH�WKLV�LQIRUPDWLRQ�WR�ILQG�DOO�WKH�SRVVLEOH�DPRXQWV�RI�PRQH\�WKDW�$P\�FRXOG�KDYH�UHFHLYHG�

Solution
$V�ZH�DUH�FRQVLGHULQJ�KDOYHV��WKLUGV��TXDUWHUV�DQG�ILIWKV��ZH�VKDOO�OHW�$P\�UHFHLYH� �SHQFH�
7KHQ KHU�ILUVW�EURWKHU�UHFHLYHV �SHQFH�

��x
��x

KHU�VHFRQG�EURWKHU�UHFHLYHV �SHQFH���x
KHU�WKLUG�EURWKHU�UHFHLYHV �SHQFH���x

DQG KHU�ODVW�EURWKHU�UHFHLYHV �SHQFH���x

:H�GR�QRW�NQRZ�ZKLFK�RI�WKH�EURWKHUV�DUH�3HWHU�DQG�7RP��WKRXJK�3HWHU�LV�\RXQJHU�WKDQ�7RP�
:H�FDQ�QRZ�WDEXODWH�WKH�VL[�SRVVLELOLWLHV�

EURWKHUV FRPSDULVRQ YDOXH
FDVH ILUVW VHFRQG WKLUG IRXUWK RI x
$ ��x ��x ��x − ��x = �� x = �
% ��x ��x ��x − ��x = �� x = �
& ��x ��x ��x − ��x = �� x = ���
' ��x ��x ��x − ��x = �� x = �
( ��x ��x ��x − ��x = �� x = ���
) ��x ��x ��x − ��x = �� x = �� 

:H�FDQ�HOLPLQDWH�WZR�RI�WKHVH�FDVHV��LQ�FDVH�&��WKH�YDOXH�RI� �ZRXOG�PHDQ�WKDW�WKH
VHFRQG�EURWKHU�UHFHLYHG� �SHQFH��LQ�FDVH�(��WKH�YDOXH�RI� �ZRXOG�PHDQ
WKDW�WKH�WKLUG�EURWKHU�UHFHLYHG� �SHQFH�

x = ���
�� × ��� = ���� x = ���

�� × ��� = ����
7KH�UHPDLQLQJ�IRXU�FDVHV�PHDQ�WKDW�$P\�FRXOG�KDYH�UHFHLYHG���������������������RU�������

%� ,Q�D�WULDQJOH� � �OLHV�RQ� �DQG� �OLHV
RQ �VR�WKDW� �
DQG �

ABC M AC N
AB ∠BNC = �x° ∠BCN = �x°
∠BMC = ∠CBM = �x°

3URYH�WKDW�WULDQJOH� �LV�LVRVFHOHV�ABC

A

B

C M

N

�x°

�x° �x°

�x°

Solution
%\�FRQVLGHULQJ�WKH�VXP�RI�WKH�DQJOHV�RI�WULDQJOH� ��ZH�ILQG�WKDWNBC

∠NBC = (��� − �x − �x) ° = (��� − ��x) °.
6LPLODUO\��E\�FRQVLGHULQJ�WKH�VXP�RI�WKH�DQJOHV�RI�WULDQJOH� ��ZH�ILQG�WKDWMCB

∠MCB = (��� í �x í �x) ° = (��� − ��x) °.
+HQFH ��DQG�VR�WULDQJOH� �LV�LVRVFHOHV�∠ABC = ∠NBC = (��� − ��x)° = ∠MCB = ∠ACB ABC



%� &DOXP�DQG�KLV�IULHQG�F\FOH�IURP�$�WR�&��SDVVLQJ�WKURXJK�%�
'XULQJ�WKH�WULS�KH�DVNV�KLV�IULHQG�KRZ�IDU�WKH\�KDYH�F\FOHG�
+LV�IULHQG�UHSOLHV�³RQH�WKLUG�DV�IDU�DV�LW�LV�IURP�KHUH�WR�%´�
7HQ�PLOHV�ODWHU�&DOXP�DVNV�KLP�KRZ�IDU�WKH\�KDYH�WR�F\FOH�WR�UHDFK�&�
+LV�IULHQG�UHSOLHV�DJDLQ�³RQH�WKLUG�DV�IDU�DV�LW�LV�IURP�KHUH�WR�%´�

+RZ�IDU�IURP�$�ZLOO�&DOXP�KDYH�F\FOHG�ZKHQ�KH�UHDFKHV�&"

Solution
/HW�WKH�SRLQWV�DW�ZKLFK�&DOXP�DVNHG�HDFK�TXHVWLRQ�EH�3�DQG�4�
/HW�WKH�GLVWDQFHV�$3�DQG�4&�EH� �PLOHV�DQG� �PLOHV�UHVSHFWLYHO\�x y
7KHQ�WKH�GLVWDQFH�IURP�3�WR�%�LV� �PLOHV�DQG�WKH�SRLQW�3�PXVW�OLH�EHWZHHQ�$�DQG�%��x
6LPLODUO\�WKH�GLVWDQFH�IURP�%�WR�4�LV� �PLOHV��y

7KXV ��

x �y�x y

��

$ % &3 4

6LQFH�WKH\�KDYH�F\FOHG����PLOHV�EHWZHHQ�3�DQG�4��ZH�NQRZ�WKDW� ��DQG�VR�x + �y = ��

$& = �x + �y = �
� (�x + �y) = �

� × �� = ���� PLOHV .

%� 3DW�KDV�D�QXPEHU�RI�FRXQWHUV�WR�SODFH�LQWR�WKH�FHOOV�RI�D���î���JULG
OLNH�WKH�RQH�VKRZQ���6KH�PD\�SODFH�DQ\�QXPEHU�RI�FRXQWHUV�LQ�HDFK
FHOO�RU�OHDYH�VRPH�RI�WKH�FHOOV�HPSW\���6KH�WKHQ�ILQGV�WKH�QXPEHU�RI
FRXQWHUV�LQ�HDFK�URZ�DQG�HDFK�FROXPQ���3DW�LV�WU\LQJ�WR�SODFH�FRXQWHUV
LQ�VXFK�D�ZD\�WKDW�WKHVH�VL[�WRWDOV�DUH�DOO�GLIIHUHQW�

:KDW�LV�WKH�VPDOOHVW�WRWDO�QXPEHU�RI�FRXQWHUV�WKDW�3DW�FDQ�XVH"

Solution
/HW �EH�WKH�VPDOOHVW�QXPEHU�RI�FRXQWHUV�WKDW�3DW�FDQ�XVH�

:H�REVHUYH�ILUVW�WKDW�  �WKH�VXP�RI�WKH�WKUHH�URZ�WRWDOV

n

n
 �WKH�VXP�RI�WKH�WKUHH�FROXPQ�WRWDOV

ZKHQFH�WKH�VXP�RI�DOO�VL[�WRWDOV� �= �n

7KH�VPDOOHVW�SRVVLEOH�GLIIHUHQW�WRWDOV�DUH���������������DQG����VR�WKDW�WKH�OHDVW�WKDW�WKH�VXP�RI
WKH�VL[�WRWDOV�FRXOG�EH�LV� �� + � + � + � + � + � = ��

+HQFH �DQG�VR� ��n ≥ �� n ≥ �

&RQVLGHU ���,W�LV�LQGHHG�SRVVLEOH�WR�ILQG�D
ZD\�IRU�3DW�WR�SODFH�WKH�FRXQWHUV�LQ�VXFK�D�ZD\
WKDW�DOO�VL[�WRWDOV�DUH�DOO�GLIIHUHQW�±�WZR�SRVVLEOH
FRQILJXUDWLRQV�DUH�VKRZQ��ZLWK�WKH�WRWDOV��RQ�WKH
ULJKW�

n = �

7KHUHIRUH�WKH�VPDOOHVW�QXPEHU�RI�FRXQWHUV�WKDW
3DW�FDQ�XVH�LV���
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